The aim of this paper is to study sustainability of the pseudo-linear superposition principle, that is, of the nonlinear superposition principle (NLSP) observed in the pseudo-analysis' framework. The focus of this paper is on the so-called generated partial differential equation that is, for the purpose of this study, based on the stochastic Burger's equation.
Remark 2.1. Presented approach to the pseudo-operations is from [2, 3] where the general problem of the monotone set functions-based integrals with respect to those operations was investigated. Properties (M1)-(M4) present only the bare minimum that some ⊕-fitting pseudo-multiplication has to fulfill. Very often some additional properties, such as existence of the (right or left) neutral element, associativity, right distributivity or commutativity, are being required (see [2, 3] ).
Remark 2.2.
Another line of approach to the pseudo-operations, i.e., to the pseudo-analysis, is given in [10, 15, 19, 20, 22] 
There are three basic classes of semirings with the continuous (up to some points) pseudo-operations. The first class contains semirings with idempotent pseudo-addition and non-idempotent pseudo-multiplication. Semirings with strict pseudo-operations defined by the monotone and continuous generator function g : [a, b] → [0, +∞], i.e., g-semirings [16, 19, 20] , form the second class, and semirings with both idempotent operations belong to the third class.
For the purpose of this paper we are considering pseudo-addition given by an increasing bijection g :
Now, the corresponding ⊕-fitting pseudo-multiplication :
that is associative and with a neutral element
Function g is a generator for operations (1) and (2) [19, 20] ). Generating function for g-semiring, i.e., for g-operations from [19] , can also be a decreasing bijection. In that case 0 = M, 1 = g −1 (1) and the total order is opposite to the usual .
Results presented in this paper can be extended without any loss of the generality to an arbitrary g-semiring Remark 2.5. Further generalization of the pseudo-analysis, known as the general pseudo-analysis, was presented in [29] where the complete characterization of the generalized pseudo-operations was given. A special class of the generalized pseudo-operations from [29] represents a generalization of the g-operations given by the following
where ε is an arbitrary but fixed positive real number and g is a positive strictly monotone bijection. Latter on, in [30] and [31] , this class was broaden to class of the generalized generated pseudo-operations with three parameters (ε 1 , ε 2 , δ) of the form
which were used in the pseudo-linear superposition principle for Burger's type equations. It should be stressed that operations (3) and (4) need not be commutative nor associative.
Another notion necessary for this paper is the notion of derivatives. Let us assume the ⊕ and are g-operations of the form (1) and (2) and that
, based on definitions from [19, 37] , the g-partial derivative (e.g., with respect to the first variable) is
and the second order g-partial derivative (e.g., with respect to the first variable) is
where
∂x 2 u are the classical partial derivatives.
The generated hsB-type equation
As in [35] [36] [37] , we are considering the generated form of a specific partial differential equation.
Pseudo-analysis' form of the homogeneous stochastic Burger-type equation for the g-operations (1) and (2), where g ∈
, and some function u :
Therefore, having in mind (5) and (6), the generated homogeneous stochastic Burger-type equation, or the generated hsB-type equation, is given by g u
Remark 3.1. If the generating function is of the form g(u) = u, g-operations are the classical operations and the homogeneous stochastic Burger-type equation
is obtained [6, 11, 18] .
where Φ : R → R, Eq. (7) is given by
and it can be easily checked that the following classification holds:
is an arbitrary twice differentiable function. Then the generator function is
This type of generator function for the similar problem has been investigated in [31] . [1, 7, 8, 12, 34] ).
The focus of this paper is on g-operations (1) and (2) and their non-commutative and non-associative generalizations given by (4) . While results based on those operations for some nonlinear equations, e.g., for Burger's equation [29, 31] , are promising, some possible difficulties and restrictions are illustrated by the following sections.
Commutative and associative case
Let ⊕ and be pseudo-operations of the form (1) and (2) Proof. Let w be the pseudo-sum of two solutions u and v of Eq. (7), i.e.,
For the following notation
where σ : R 2 → R, it holds g (w) ) 3 .
Moreover, from and (10) and (11), it follows
and
Therefore, (10) is a solution of (7) if and only if
which is equivalent to
and, based on (12) and (13), to
Taking into account that u and v are solutions of Eq. (7), the previous equation becomes
That is, w is a new solution of (7) 
(b) Let us consider generator and pseudo-operations from Example 2.4(c). Eq. (7) is now of the form
If u and v are solutions of the previous equation such that they can be written as
u(x, t) = ϕ(x) + ψ(t) and v(x, t) = −ϕ(x) + φ(t), a new solution is of the form w = ln e ϕ(x)+ψ(t) + e −ϕ(x)+φ(t) .
Pseudo-multiplication is also providing a very restrictive result.
Proposition 4.3. If u is an arbitrary solution of the generated hsB-type equation given by (7) and α ∈ (0, M), then the pseudo-product α u is again a solution of (7) if and only if u does not depend on the first variable.

Proof. Let g(α)
= a ∈ (0, 1) ∪ (1, ∞), i.e., let us assume that α is not a neutral element for ⊕ nor for , and let 2 (g (u) ) 3 .
Pseudo-product w is a solution of (7) if and only if
is valid, which is equivalent to
Since u is a solution of (7), Eq. (14) obtains the following form
for all a ∈ (0, 1) ∪ (1, ∞). Now (15) implies that w is a new solution if and only if g(u)g (u)u x = 0, i.e., that either u = 0, which is the trivial case, or g is a constant function, which is in the contradiction with the starting assumptions, or that
Having in mind the previous two claims it is possible to say that pseudo-linear superposition principle holds on one very restrictive subclass of all solutions of (7). This result is given by the following corollary.
Let F be the class of all solutions of the generated hsB-type equation given by (7) that does not depend on the first variable. F and α and β real numbers from (0, M) , then the pseudo-linear combination α u ⊕ β v is again a solution of (7). Remark 4.5. Due to the form of the observed generated equation, the previous corollary gives us a trivial case, i.e., the class F is trivial. The problem of solutions that are not from F is given at the end of the next section for the more general background.
Corollary 4.4. If u and v are solutions of (7) from
Non-commutative and non-associative case
Let us now consider a wider class of g-operations, i.e., the generalized generated pseudo-operations with three parameters given by (4) . As already mentioned, operations in questions need not be commutative nor associative. In order to extend this investigation a bit further, let us assume that now the generator for operations in the core of PLSP is different from one used in (7). To stress this difference, operation now used for PLSP will be denoted with ⊕ h and h where h is a new generator, while observed generated equation is still in the form (7) given by the generator g.
Let ε 1 , ε 2 , and δ be three arbitrary parameters from (0, +∞) and let h be a strictly monotone and positive bijection from C 2 ([0, M] ). The generalized generated pseudo-operations with three parameters for generator h are
. (17) As in the previous section, it is possible to say that pseudo-linear superposition principle holds on a certain subclass of all solutions of (7). Again, let F be the class of all solutions of the generated hsB-type equation given by (7) that does not depend on the first variable. Now, the following is a generalization of the result from the previous section. Proof. Though proof easily follows from the assumption that u and v are trivial, i.e., from F , the complete proof that explains the assumptions and allows further discussion is given.
Let w a pseudo-linear combination of some solutions of (7), i.e.,
where ⊕ h and h are operations (16) and (17) and α and β are parameters from (0, M). For notation λ = ε 1 h δ (α) and μ = ε 2 h δ (β), (18) obtains the following shorter form
For (20) and (21) 
Now, (18) it is solution of (7) if and only if
i.e., taking into account (20) , (21) and (22),
Since the assumed connection between generators is h (w) = cg (w), the previous is equivalent to
which, based on (21), leads to
For the considered connection between generators and some solutions u and v of (7) the previous insures
Since u and v are additional from F , (25) is valid, i.e., (23) holds. 2
Remark 4.7. Since the previous results are focused on a highly restrictive class of solutions of (7), the question of sustainability of PLSP remains for solutions that are not from F . As seen in the previous proof, w = α h u ⊕ h β h v, where u and v are arbitrary solutions of (7), is a new solution of (7) if and only if (25) holds. Now, the following two cases remain:
i) If solutions u and v are not from F , i.e., if u x = 0 and v x = 0, sufficient condition for (25) is
Since g is a bijection, the conclusion is that w is a solution if λ + μ = 1 and u = v, i.e., if
which is a trivial case.
ii) If u ∈ F and v / ∈ F , i.e., if u x = 0 and v x = 0, sufficient condition for (25) is
which gives the following
Since g is a bijection and (1 − μ)/λ is a constant, the previous is in a contradiction with assumption that u does not depend on the first variable while v does depend on it. 
where c is a positive parameter, the pseudo-linear superposition principle holds without any restrictions, i.e., if u and v are solutions of (26), so is the pseudo-linear combination (for both commutative and non-commutative case, see [29] ). This also holds for the trivial generator g(u) = u, therefore the classical linear combination is again a solution of (26) .
Situation for Burger's type equations of the following form:
where Φ is a given continuous function and c is a real parameter, is somewhat more complex. Now, the pseudo-linear combination of solutions is a solution when g-operations are given by a special generator g of the form
g(x) = ± e ( Φ(x) dx) dx (27) (see [31] ). The sign in front of integral from (27) is chosen in such manner that generator remains nonnegative function. Therefore, the pseudo-linear superposition principle is now restricted to a specific subclass of the g-operations.
Conclusion
The main topic of this paper was sustainability of the pseudo-linear superposition principle for the so-called generated KdV-type equation. Through this paper, as the core of the PLSP, the g-operations and the generalized generated pseudooperations given by another generator h, were considered. Although PLSP has provided significant results for some equations, due to the strong non-linearity of the observed equation, the PLSP holds only on very restrictive class of solutions.
